I. INTRODUCTION
T HE inductance of a coil is strongly depending on the environment surrounding the coil. If, for example, conducting materials are located in the neighborhood, eddy currents are generated in those materials by the time-varying field. These eddy currents generate a reaction field which counteracts the magnetic fields of a coil and influences the inductance of a coil. Examples in which the influence of the eddy-current reaction field may not be ignored are the modeling of the end-winding in linear induction machines and inductances in a contactless energy transfer (CET) system by means of an inductive coupling in machines [1] , [2] . All examples which have a 3-D geometrical structure where a 2-D modeling method is not sufficient and 3-D one needs to be applied.
Due to complexity of the 3-D structures and the appearance of different materials, finite element analysis (FEA) is an often applied method to model the magnetic fields, including the eddy-current reaction field [3] , [4] . For a planar structure, FEA is a time-consuming method because of the required dens mesh, where in the conducting material several meshlayers per skin-depth need to be applied to model the eddy currents. The 3-D Fourier analysis is an analytical alternative to FEA. Comparable with FEA, it is possible to model coils, magnets, slots, and cavities with 3-D Fourier analysis [5] . Fourier analysis divides a geometry into regions, a volume parallel to the direction of the current, which deviate from each other with respect to different material properties and current sources [6] . For each region, an expression of the magnetic vector potential is obtained, which is solved by applying the boundaries between the regions. By incorporating the diffusion equation in the solution in terms of the magnetic vector potential, the range of applications for the 3-D model can be extended; both the properties of conducting materials and the eddy-current reaction field can be taken into account in problems with either coils or permanent magnets as the source of the magnetic fields. Up to now, this technique is only applied in combination with 2-D Fourier analysis. Since this modeling technique assumes a finite length in one direction, it is not suited to model end-windings and planar structures [7] , [8] . This paper starts with a derivation of the 3-D magnetic vector potential, by including the diffusion equation in the Fourier analysis. To validate the model, the mutual inductance between the primary and secondary coils of a CET system integrated in a planar motor, as shown in Fig. 1 , is calculated. The obtained values are compared with FEA and measurements on the similar system.
II. 3-D MAGNETIC MODEL
The magnetic flux density B can be described by using the magnetic vector potential A B = ∇ × A.
Combining Ampere's law and Faraday's law, the following differential equation for the 3-D magnetic vector potential is obtained:
where J coil is the current density distribution of a coil.
To obtain a solution for the magnetic vector potential, it is assumed that the imposed current inside a coil and the induced currents in the conducting material only flow in tangential, x, y, direction. Based on these assumptions and the Coulomb Gauge condition, ∇ · A = 0, the following two relations for 0018-9464 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
the magnetic vector potential are derived:
which yields to the following set of differential equations:
The differential equations are solved by applying the method of separation of variables, which results in a multiplication of four functions, each depending on x, y, z, or t. Because of the periodicity in x and y, double Fourier series are used to describe the harmonics in the both directions. Complex exponential functions are obtained for z and t, such that the Poisson and Laplace equation are satisfied for a time-varying magnetic source, and the Coulomb Gauge condition remains fulfilled. The resulting magnetic vector potential is equal to
where
where C x cs -C y ss are constants related to the current density distribution, ω n and ω m are the spatial harmonics in the x-and y-direction, respectively, and c 1 -c 8 are unknown coefficients which are solved by applying the boundary conditions. Similar to the magnetic vector potential, the current density distribution of a coil is modeled by means of a double Fourier series, such that an identical periodic expression is obtained. A single coil, constructed from Litz-wire with an imposed current, is, therefore, split into straight and corner segments. Since the method of separation of variables does not allow to model round sections independently in x-direction and y-direction, and, therefore, the corners of the coil cannot be taken into account. Resulting that a coil is modeled by four straight bars, as shown in Fig. 2 , where each bar is defined by its inner, c iw , outer width, c w , and length
By overlapping the four bars in direction parallel to the current, the error related to the ignorance of the round corners of a coil is minimized [5] . The current density distribution is described by 
where the coefficients j x cc -j y ss can be found in [5] . Based on this current density distribution, the constants C x β and C y β are found as
where the subscript β represents the different combinations of cosine and sine functions of the double Fourier series, i.e., cc, ss, cs, and sc. Finally, based on the derived magnetic vector potential, the flux density, eddy-currents, forces, and self-and mutual inductances can be calculated. The mutual inductance between the primary, p, and secondary, s, coil is calculated based on the solution of the magnetic vector potential and the current density distribution
III. MODEL VALIDATION
To validate the derived expression for the 3-D magnetic vector potential, Fourier analysis is applied to calculate the mutual inductances of a CET system located above the aluminum cooling plate of a planar motor and compared with FEA and measurements. A cross section of the CET system is shown in Fig. 3 [2] . The system consists of an array of primary coils (Region III) and single secondary coil (Region V), which overlaps four primary coils. Underneath the primary coils, the aluminum cooling plate of the motor (Region I) is located, in which eddy-currents are generated. Between the aluminum and the coils a layer of epoxy (Region II) is present, which is modeled as air. Similar, the layer of epoxy above the primary coils and the airgap between the coils are combined in Region IV and modeled as air. Finally, the area above the secondary coil (Region VI) is modeled as air and has an infinite height. The model parameters are listed in Table I . For each region, an expression for the magnetic vector potential is obtained, identical to (7) and (8) . The different expressions are coupled by means of boundary conditions, to be able to solve the unknown coefficients in each region. At the boundary between neighboring regions, the normal component of the magnetic flux density and the tangential components of the magnetic field strength must be equal to each other. A Neumann boundary condition is applied at the bottom of Region I. Because of the limited height of the region, this condition is only valid in case of frequencies above 1 kHz, where the skin-depth of the magnetic fields is four times smaller than the height of the region. The height of Region VI is modeled as infinite, and, therefore, the Neumann boundary condition may be applied at the top of the region.
An over-constrained problem is obtained since the number of boundary condition is larger as the number of unknown coefficients, which need to be solved. To reduce the number of boundary conditions, the conditions related to the two tangential terms of the magnetic field strength are rewritten into a scalar potential
Identical to the magnetic field strength, the scalar potential must be equal at both sides of the boundary between two regions. This reduction may be applied, since locally at the boundary between two regions no surface charges are present, and, therefore, the components of the magnetic field strength obtained from the scalar potential must be equal to ones obtained from the magnetic vector potential. Summarized, the following set of boundary conditions is applied to obtain an expression for the magnetic fields:
IV. MUTUAL INDUCTANCE The mutual inductance between four primary coils and a single secondary coil is calculated, simulated and measured 
The calculated, simulated, and measured values are shown in Fig. 5(a)-(d) for the different lines. The analytical curve in each graph has been calculated within 42 s. The calculated inductances deviate at maximum 7% with the measured values and the results obtained from FEA, ignoring the measurements for y ≥ 0.03 mm. The large deviation in the measurements for y ≥ 0.03 mm compared the calculated and simulated values is caused by the relative low measured amplitude of the open circuit voltage with respect to the other measured points. Fig. 6 shows the mutual inductance as a function of the frequency, where the center of the secondary coil is aligned with the center of the set of primary coils. As the induced eddy-current density, J eddy increases with respect to the frequency of the primary current, the amplitude of the reaction field, which counteracts the flux linkage from the primary to the secondary coil, increases as well. This results, in this particular case, in a decrease in mutual inductance of 16% for a frequency equal to 500 kHz with respect to the case with no conducting plate, i.e., f = 0 Hz. The eddy-current density in the aluminum plate is shown in Fig. 7 . The figure clearly shows the location of the four current caring coils and the distribution of the eddy currents.
V. CONCLUSION This paper extends the 3-D Fourier analysis by including conducting-materials and eddy-current reaction fields, which makes the technique able to give an accurate prediction of the inductances in complex 3-D structures. A solution for the 3-D magnetic vector potential has been presented and the method is verified by calculating the mutual inductances of a CET system integrated in a planar motor. A difference of at maximum 7% has been obtained between the calculated, measured, and inductances obtained from FEA, which validates the proposed solution for the magnetic vector potential.
